We present the results of a detailed theoretical study on the variation of the oscillator strengths for the 1s ! 2p transition of the H-like ions and the 1s 2 1 S ! 1s2p 1 P transition of the He-like ions (or, inversely, the Lyman-a and He a emission lines, respectively) subject to external plasma which meet the spatial and temporal criteria of the Debye-H€ uckel (DH) approximation. Our study shows that the resulting oscillator strength decreases for the He a line for He-like ions, similar to the Lyman-a emission lines for all H-like ions, as the effect of the external plasma increases with the decreasing Debye length D in terms of a reduced Debye length k D ¼ Z eff D. A nearly universal feature is demonstrated for a scaled oscillator strength as a function of the reduced Debye length k D ¼ (Z À 1)D for different He-like ions that meet the same criteria for the DH model. The percentage changes of the oscillator strengths from their plasma-free values are substantially greater than those for the corresponding change for the redshifts of the Lyman-a and He a emission lines subject to outside dense plasma. Should these general features be demonstrated experimentally, the theoretical procedure presented in this study could easily be applied to extrapolate from a single calculation for one He-like ion to other He-like ions, which could offer an alternative to complement other diagnostic efforts of the dense plasma. Published by AIP Publishing. https://doi
I. INTRODUCTION
The Debye-H€ uckel (DH) model, based on the classical Maxwell-Boltzmann statistics for an electron-ion collisionless plasma under thermodynamic equilibrium, works in principle mostly for the gas discharged plasmas at relatively low density. 1 It is known that the DH model breaks down for the atomic processes involving electrons from states close to the ionization threshold which are intimately affected by the outside plasma, such as the ones shown by Nantel et al. 2 near the series limit. For the dense plasma (e.g., the ones in the sun and sun-like stars), the Debye length is of the order of 10 -11 m, and consequently, the Debye screening could impact the atomic processes for the astrophysically relevant elements. As a result, it is interesting to note that both the commonly accepted equation-of-state models adopted in the standard solar models, i.e., MHD (Mihalas-HummerDappen) and OPAL (Optical Project at Livermore), include a Debye-H€ uckel term as the leading Coulomb correction to the free energy. 3, 4 Following a detailed assessment of the spatial and temporal criteria of the DH approximation, 5, 6 we have shown recently that the DH approximation could be applied to the atomic processes subject to outside dense plasma, involving transitions limited to those between lowlying atomic states, which are dictated by the short-ranged interaction between the innermost atomic orbitals. [5] [6] [7] With a much improved experimental energy resolution E DE (see, e.g., Refs. 8 and 9) , together with the agreement we reported recently between the simulated redshift based on the DH model 6, 7 and the earlier observed value for the H-like Al 12þ ion, 8 more extensive measurements for the redshifts subject to dense plasma with a density of 10 22 cm -3 or higher could offer an alternative approach to the typical plasma diagnostic efforts based on the change of the line profile due to complicated collisional processes.
In particular, we presented theoretically in Ref. 7 two general features of the redshifts of the spectroscopically isolated 1s2p 1 P ! 1s 2 1 S He a line of the He-like ions and the 2p ! 1s Lyman-a line of the H-like ions embedded in external dense plasma. The first feature concerns the ratio R ¼ Dx a =x o between the redshift Dx a due to the external dense plasma and the energy x o of the a lines in the absence of the plasma. This ratio R, which will be referred to as the percentage change in our subsequent discussion, turns out to vary as a nearly universal function of a reduced Debye length k D ¼ Z eff D, where D is the Debye length, related to the electron density N e and temperature T of the outside plasma, or, more conveniently in terms of the Bohr radius a o by [see, Eqs. (1)- (17) 
where the electron energy kT is given in the units of eV and N e in the units of 1 Â 10 22 cm À3 . The second general feature is an approximately constant redshift Dx a at a given D for He-like ions and H-like ions with Z eff approximately between 5 and 18 based on our critical assessment of the applicability of the DH approximation to atomic processes. These two general features could easily be applied to extrapolate from a a) Electronic mail: 051420@mail.fju.edu.tw given single calculated dataset for a H-like or He-like ion to the corresponding data for other ions.
The redshifts for the emission lines involved the inner shell electrons (e.g., the a lines) could be attributed qualitatively to the upward shifts of their energy levels due to an effective screened potential at a distance r from the nuclear charge Z, subject to a charge-neutral outside electron-ion plasma, given by 6, 11, 12 
where A is the radius of the Debye sphere. When A approaches zero, the effective screened potential V d ðr; DÞ takes the form of the usual screened Coulomb potential
In general, the Debye length D should be greater than the radius A of the Debye sphere, if not much greater, to meet the requirement of the DH approximation. 5 The radius A should also be chosen to ensure that the average radii of the atomic orbitals for the atomic processes of our interest are kept inside the Debye sphere to retain their atomic characteristic instead of overlapping strongly with the outside plasma electrons. Our recent works have shown that the estimates of the atomic data based on the DH approximation depend very much on the choice of A. 6, 7 With the exception of a very few limited studies involving the low-lying atomic states, many of the recent atomic structure calculations based on the DH approximation [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and a few on the modified DH approximation 23, 24 failed to meet the spatial criterion of the DH approximation, especially those with A ¼ 0 when the atomic orbits overlap substantially with the outside plasma electrons.
The effect from the external plasma to an otherwise isolated atom offers the opportunity to study the dynamics of the atomic process which is sensitive to the change in atomic wavefunctions due to the changing outside environment. It is the main purpose of this paper to explore such an effect on the transition rate, or the oscillator strength, of the spectroscopically isolated a-lines due to the transition of the inner-most electron of the H-like and He-like ions based on the DH approximation. Similar to what we did on the redshifts of the emission lines of the inner-most atomic electrons, we start our study on the change of the oscillator strengths as D varies and proceed to find out if there is also a general feature that is similar to those we came across for the redshifts. It is well known that for the plasma-free H-like ions, the non-relativistic oscillator strength for each specific bound-bound transition is identical for all Hlike ions, i.e., independent of the nuclear charge Z. 13, 25 On the other hand, it is expected that the relativistic oscillator strength will vary slightly on the changing Z.
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For He-like ions, the non-relativistic oscillator strength for the plasma-free 1s 2 1 S ! 1s2p 1 P transition increases as Z increases. Qualitatively, this increase is due to the increase in the overlapping between the atomic orbitals of the He-like ion in its 1s 2 1 S ground state and the excited 1s2p 1 P state due to the stronger nuclear attraction as Z increases, i.e., when the relative inward change of the orbital of the upper 2p state is slightly greater than that of the lower 1s state. Eventually, the oscillator strength approaches approximately an asymptotic value as the relative difference in the size of the ions becomes negligible at large Z. To study the plasma effect on the oscillator strength, one could also start by examining the overlap between the orbitals of the initial and the final states of the transition. As we already understood, the redshift of the a- 
for the 2p orbit. As a result, the 2p orbit extends further from the nucleus than that of the 1s orbit as D decreases and the overlap between the 1s and 2p orbits decreases as the radial parts of both do not change sign. One should therefore expect a decrease in the oscillator strength as the Debye length decreases or when the plasma effect becomes more pronounced.
In Sec. II, we first focus our discussion on the H-like ions and illustrate analytically that the change in non-relativistic oscillator strength depends explicitly upon the variation of the reduced Debye length. We will also outline the theoretical procedures for the two-electron systems leading to our numerical calculation. Section III presents the results of our study and how the oscillator strengths vary as the functions of reduced Debye length k D ¼ Z eff D, or, the ratio of the temperature T and the electron density N e of the outside plasma. Finally, in Sec. IV, the implication of the present work is summarized.
II. THEORETICAL PROCEDURE BASED ON THE DEBYE-H € UCKEL APPROXIMATION
For H-like ions, with the reduced Debye length k D ¼ ZD, we define the radius of the Debye sphere A in terms of a size parameter g in unit of a 0 , or, A ¼ ðg=ZÞ. By further expressing r in terms of q, or, q ¼ Zr, the DH potential given by Eq. (2) takes the form of
where
with g and q in terms of the Bohr radius a o . The one-electron orbital v n' ðq; k D Þ for the H-like ions with nuclear charge Z is then generated by
with its energy given by The non-relativistic oscillator strength f n';n 0 ' 0 for transition between states n' and n 0 ' 0 is proportional to the energy separation DE n';n 0 ' 0 ¼ Z 2 d n';n 0 ' 0 and the square of the dipole matrix hn'jrjn 0 ' 0 i between states n' and n 0 ' 0 , where
and
As a result, the oscillator strength for all H-like ions subject to the plasma environment can be expressed as a function of k D , i.e.,
From Eq. (6), one is able to show immediately that the ratio, R ¼ Dx a =x o between the redshift Dx a and the plasma-free energy x o ¼ d 1s;2p ð1Þ of the Lyman-a lines of the H-like ions, depends only on the reduced Debye length k D or
as discussed earlier. In other words, based on Eqs. (9) and (10), both the oscillator strength and the ratio R vary only as functions of the reduced Debye length k D . We note that these two expressions could have been derived from the earlier work, 13 but, they were neither derived nor discussed explicitly. A similar expression to Eq. (9) was presented recently for the modified DH model in Ref. 24 .
For He-like ions, the individual one-electron atomic orbitals are generated from the one-electron Hamiltonian h o ðr; DÞ, i.e.,
where p is the momentum of the electron and V d ðr; DÞ is given by Eq. (2) in DH approximation. The non-relativistic two-electron Hamiltonian for an atom in the plasma environment in the present calculation is expressed in terms of h o ðr; DÞ as
where r 12 ¼ jr 1 Àr 2 j represents the separation between electrons 1 and 2. 5 In the present calculation, the radius of the Debye sphere A is expressed in terms of the average radius hri 1s of one of the 1s electrons in the ground state of He-like ions in the absence of the plasma and a size parameter f, i.e.,
where hri 1s ¼ h1s
The energy x a ðDÞ and the redshift Dx a ðDÞ of the He a line under the external plasma environment in terms of the Debye length D are given, respectively, by Eqs. (7) and (8) of Ref. 7 after diagonalizing the Hamiltonian matrix with a basis set of multiconfiguration two-electron orbitals consisting of one-electron orbitals generated from h o ðr; DÞ, or, same as those from Eq. (5), and by following the B-spline based multiconfiguration interaction (BSCI) theoretical and numerical procedures detailed elsewhere. 5, 27 The corresponding oscillator strengths f in length and velocity approximation are given explicitly in the BSCI approach by Eqs. (40) and (41) of Ref. 27 .
Qualitatively, the less attractive nature of the screened potential V d ðr; DÞ for an atomic electron in the field of the nuclear charge Z could be understood easily since close to the atomic nucleus, there is a non-negligible presence of the fast free-moving plasma electrons with their relatively high mobility. However, to justify the same Debye screening between two atomic electrons, such as the one applied to most of the recent atomic calculations based on DH approximation, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] one would have to assume a substantial presence of the positive ions between atomic electrons, in spite of the relatively low mobility for the much heavier ions. In addition, since the screened potentials V d are derived from the Gauss' law by assuming a stationary nuclear charge Z located at r ¼ 0, a similar approach could hardly be justified for the fast-moving atomic electrons. Moreover, by including the same Debye screening for the electron-electron interaction, the repulsive force between atomic electrons would be greatly reduced as the plasma effect increases with smaller D. More discussion on the application of Debye screening between atomic electrons will be presented in Sec. III.
We have also carried out in the present study the full relativistic calculation to compare with our non-relativistic results. The relativistic two-electron Hamiltonian for Helike ions in the plasma environment in our calculation is given by
where , our calculations were carried out using a revised multi-configuration Dirac-Fock (MCDF) approach which takes the electron correlations into account. The quasi-complete basis scheme 28,29 is adopted to optimize the atomic orbitals (AOs) using the GRASP À JT version based on the earlier GRASP2K codes. 
From Eq. (1), for a given temperature kT, the ratio
could be expressed in terms of the inverse of k 2 D . In turn, one could then express the percentage changes R and f r at a given temperature kT in terms of N e Z 2 such as the two plots shown in Fig. 3 at kT ¼ 100 eV for all H-like ions. Experimentally, with a known resolution, either in energy or in transition rate in terms of the percentage change R or f r shown in Fig. 3 , 
strengths f ðk D Þ with g ¼ 0; 1; 1:5; and 2 in units of a o for the 1s ! 2p transition of H-like ions subject to the outside plasma environment. is a few times greater than the percentage change R for the redshift. Based on the spatial criterion of the DH approximation, together with the agreement between our earlier estimated redshift for the H-like Al ions at 300 eV to the observed data with the scale parameter between g ¼ a o and 2 a o , we might narrow down our choice of the radius of Debye sphere A to be between a o and 2 a o . Table II presents the calculated non-relativistic oscillator strengths f ðk D Þ for the 1s 2 1 S ! 1s2p 1 P transition based on the BSCI approach outlined in Sec. II for four He-like ions, Ar 16þ , Al 11þ , Mg 10þ , and Ne 8þ , subject to outside plasma and the radius of the Debye sphere A ¼ fhri 1s at four values of size parameters f ¼ 0; 1; 1:5; and 2. The length and velocity results from our oscillator strength calculation are generally in agreement to 0.1% or better and also in close agreement with the established plasma-free results. 31 Based on the results listed in Table II , similar to Fig. 2 for the Hlike ions, it is interesting to show in Fig. 4 that the percentage change f r as a function of the reduced Debye length k D ¼ ðZ À 1ÞD for the He a line exhibits approximately a similar general qualitative feature and also substantially greater than the variation of the percentage change R for the redshift. Figure 5 compares the percentage change of the oscillator strength f r of the He a emission line of the He-like Ne ions from the present calculation with the earlier calculated results by Saha et al. 18 using the less vigorous Slatertype orbitals for the He-like C, B, and Be ions without the Debye screening for the electron-electron interaction. Although the He-like ions studied by Saha et al. are those with relatively small Z and not exactly between 5 and 18, the resulting variation of f r follows qualitatively the general feature of our calculation. Also shown is the calculation for neutral He by Kar and Ho 16 which follows qualitatively the He-like Ne ion result of the present calculation as the difference between the calculations with and without the Debye screening between atomic electrons is still relatively small at Debye lengths which are a few times larger than the average size of the He atom in its ground state. Additionally, the theoretical results by Li et al. 20 for the He-like C ion (model1 and model2) are compared with the results from the present calculation and that from Saha et al. 18 and Kar and Ho.
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The one labeled as model1 is calculated by applying the same Debye screening both for the electron from the nucleus and for the interaction between the atomic electrons, whereas the one labeled as model2 is calculated without the Debye screening for the electron-electron interaction. Although according to Li et al., the difference in the resulting oscillator strengths between different calculations is generally small, it is actually fairly substantial when one examines the change from the plasma-free value in terms of f r as those shown in Fig. 5 . This, perhaps, is in part due to the far more involved computational effort when the Debye screening between atomic electrons is included in the calculation. Following our discussion in Sec. II, we will now briefly present one example which leads to the theoretical estimate that is against the physical intuition due to the substantial reduction of the repulsive force between atomic electrons by including the Debye screening to the electron-electron interaction. Without the Debye screening between atomic electrons, the top plot of Fig. 6 shows that the electron affinity of H À ion, i.e., the energy difference between the ground state 1s of the H atom and the only loosely bound state 1s 2 1 S of the H À ion, approaches zero at a Debye length D around 37.7 a o , based on our calculation with A ¼ 2:71 a o , i.e., at an average distance of the 1s electron from the nucleus for a plasma-free H À ion. 15 As one would expect, the bound state of H À will no longer exist subject to outside plasma with D substantially greater than A. In contrast, the bottom plot of Fig. 6 shows that, by including the Debye screening between atomic electrons, Kar and Ho have shown that the theoretically estimated energy of the only bound state of the H À ion would remain negative at D ¼ 0:86 a o with positive nonzero electron affinity (see , Table II of Ref. 14) . We should also note that the calculated electron affinity of the H À ion from both calculations equals 0.0555 Ry at D ¼ 1.
Unlike the H-like ions, the oscillator strengths for the 1s 2 1 S ! 1s2p 1 P transition of the He-like ions are no longer identical at given reduced Debye length k D ¼ ðZ À 1ÞD for different He-like ions. This, of course, is expected as the plasma-free oscillator strengths for He-like ions with different Z are different at k D ¼ 1. In an attempt of searching for 
where NðZ; a; bÞ
with the best fitted values of a ¼ 0.852 and b ¼ 3.505. We then defined a scaled oscillator strength by
The resulting f s for the He a line of four He-like ions, Ar 16þ , Al 11þ , Mg 10þ , and Ne 8þ , are shown in Fig. 7 for A ¼ 0 and A ¼ 2hri 1s . As anticipated, qualitatively, although the scaled oscillator strength f s for these four He-like ions are not exactly identical, they vary similarly to the H-like ions shown in Fig. 1 as k D decreases. This general feature in scaled oscillator strength f s , together with the similar percentage change f r shown in Fig. 4 , offers the possibility to extrapolate from a single dataset with a specific Z to generate data for other ions as we pointed out earlier. Figure 8 presents the results based on the relativistic calculation following the procedure outlined in Sec. II for the 1s 2 1 S 1=2 ! 1s2p 1 P 3=2 transition of a few He-like ions with Z meeting the criteria for the DH approximation. Again, the scaled oscillator strengths as a function of reduced Debye length k D follow a nearly universal variation similar to that shown for the non-relativistic results. Since Z is relatively small and the relativistic result is not expected to be that , and Ne 8þ ions subject to the outside plasma environment with the radius of the Debye sphere A ¼ fhri 1s . 
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Fang et al. Phys. Plasmas 25, 102116 (2018) much different from the non-relativistic result shown earlier in Fig. 7 . Figure 9 compares the results of the current nonrelativistic calculation for f r with A ¼ hri 1s and 2hri 1s at kT ¼ 400 eV for He-like Al ions with the results of the calculation based on the ion sphere (IS) model by Li et al. 32 It is interesting to see that the rate of change in oscillator strength f r from the IS calculation varies from values close to the ones from our DH calculation with A ¼ 2hri 1s to that with A ¼ hri 1s as the density N e increases. This is consistent with the fact that the radius of the ion sphere R o is inversely proportional to the density N 1=3 e , i.e., R o varies approximately from 2a o to a o as N e increases. In other words, it supports what we pointed out earlier that a judicious application of the DH approximation should keep the radius of Debye sphere A greater than 0 to meet the spatial criterion of the DH approximation.
IV. CONCLUSION
The best known quantitatively observed data on the redshift of the a line from atomic ions embedded in external plasma are the laser-generated H-like Al 12þ at approximately kT ¼ 300 eV and a density of (5-10) Â 10 23 cm -3 with a measured value of 3.7 6 0.7 eV. 8 This measured result is confirmed first by a simulated QMIT redshift at 3.5 eV and a density 8 Â 10 23 cm -3
. 33 It is also in agreement with the recent calculation we presented based on the DH model with the size parameters between g ¼ a o and g ¼ 2 a o . 6 For the Hlike Al 12þ ion with a redshift of 3.7 6 0.7 eV, the ratio R should have a value range approximately between 0.17% and 0.25% from Fig. 2 or a required experimental energy resolution E/DE of 600 or better at the plasma-free energy around 1724.5 eV for the Lyman-a line. With the availability of E/DE up to 5000 for the monochromator at energies from 500 to 1000 eV and a bit lower for energy up to 2000 eV with the SXR (soft x-ray) instrument at the Linac Coherent Light Source (LCLS) free electron laser (FEL), 9 there is a good possibility that an additional quantitative measurement could be carried out for a critical test of the theoretical results on the variation of the redshifts and the transition rates discussed in this paper. Such observed data would offer a more reliable determination of the size parameters g and f which, in turn, could more accurately characterize the radius of the Debye sphere. Should the general features reported in this paper be demonstrated by the experimental measurement, they could be applied easily to extrapolate from a well-characterized dataset for a single H-like or He-like ion to generate data for other ions and facilitate additional experimental measurements for other H-like or He-like ions. The quantitatively measured redshifts and the variation of the transition rates of the spectroscopically isolated a emission lines of the H-like and He-like ions, together with the general features presented in this paper, could lead to a reliable and effective alternative to complement the current diagnostic effort of the dense plasmas relied mostly on the change of the spectral profiles of the emission lines due to the complicated collisional process. 2, 8, 33, 34 
